The present paper deals with exact solutions for the free vibration characteristics of thin circular plates elastically restrained against translation and resting on Winkler-type elastic foundation based on the classical plate theory. Parametric investigations are carried out for estimating the influence of edge restraint against translation and stiffness of the elastic foundation on the natural frequencies of circular plates. The elastic edge restraint against translation and the presence of elastic foundation has been found to have a profound influence on vibration characteristics of the circular plate undergoing free transverse vibrations. Computations are carried out for natural frequencies of vibrations for varying values of translational stiffness ratio and stiffness parameter of Winkler-type foundation. Results are presented for twelve modes of vibration both in tabular and graphical form for use in design. Extensive data is tabulated so that pertinent conclusions can be arrived at on the influence of translational edge restraint and the foundation stiffness ratio of the Winkler foundation on the natural frequencies of uniform isotropic circular plates.
Nomenclature

Introduction
Circular plates resting on elastic foundation have wide range of application in the static and dynamic design of linear/nonlinear vibration absorbers, dynamic exciters, telephone receiver diaphragms, computer discs, printed circuit boards etc. (Leissa 1969) . Due to the essential use of vibration data in the computation of stresses in such structures, reliable prediction of vibration data is of great importance. In view of its importance in engineering design, the problem of vibration of circular plates on elastic foundation has attracted the focus and attention of many researchers.
Some of the recent studies have reestablished the efficiency of the classical approach in analyzing the vibrations of variety of structures. Circular plate problems allow for significant simplification in view of their symmetry but still many difficulties arise when the boundary conditions of the plate become complex involving linear and rotational restraints. A recent survey of literature shows that very few studies exist on the study of circular plates resting on elastic foundation. Wang and Wang (2003) , who observed the switching between axisymmetric and asymmetric vibration modes, recently investigated the effect of internal elastic translational supports.
The vibration characteristics of plates resting on an elastic medium are different from those of the plates supported only on the boundary. Leissa (1993) discussed the vibration of a plate supported laterally by an elastic foundation. Leissa deduced that the effect of Winkler foundation merely increases the square of the natural frequency of the plate by a constant. Salari et al. (1987) speculated the same conclusion.
Ascione and Grimaldi (1984) studied unilateral frictionless contact between a circular plate and a Winkler foundation using a vibrational formulation. Leissa (1969) , who tabulated a frequency parameter for four vibration modes of simply supported circular plate with varying rotational stiffness, presented one of the earliest formulations of this problem. Kang and Kim (1996) presented an extensive review of the modal properties of the elastically restrained beams and plates. Zheng and Zhou (1988) studied the large deflection of a circular plate resting on Winkler foundation. Ghosh (1997) Kim et al. (2000) and Tseng and Wickert (1994) The most general soil model used in practical applications is the Winkler (1867) model in which the elastic medium below a structure is represented by a system of identical but mutually independent elastic linear springs. Recent investigations have reiterated the efficiency of the classical approach (Soedel 1993) in analyzing the behavior of structures under vibrations. There are other papers (Weisman 1970; Dempsey et al. 1984; Celep 1988) dealing with the study of plates on a Winkler foundation. In general, papers dealing with vibrating plates, shells and beams are concerned with the determination of eigenvalues and mode shapes (Leissa 1969) .
A good number of studies are made by investigators (Wang and Lin 1996; Kim et al. 2001; Yayli et al. 2014 ) using the method of Fourier series for estimating the frequencies of beams with generally restrained end conditions including the effect of elastic soil foundation. The method includes use of Stoke's transformation in suitably modifying the complex boundary conditions. Very much similar to the dynamic stiffness matrix approach, the elements of the matrix involving infinite Fourier series are explicitly obtained in these studies. The determinant of this matrix for each case considered leads to the frequency equation and the same can be solved using well known numerical methods. The results obtained for various elastically restrained beam cases in these studies tallied well with those available in the literature establishing the efficiency of this method.
In view of the necessity of using complex combinations of rotational and translational springs at the boundary of the circular plate to suitably simulate the practical non-classical boundary connections being adopted in a wide range of industrial applications (Bhaskara and Kameswara 2009; Bhaskara and Kameswara 2010; Lokavarapu and Chellapilla 2013) , the use of exact method of solution becomes imperative and hence the same is adopted in this paper. Even though the method adopted here is classical, the particular case of vibration of elastically restrained circular plate resting on elastic foundation considered here is not dealt with in the available literature.
Utilizing the classical plate theory, this paper deals with exact method of solution for the analysis of free transverse vibrations of thin circular plate that is elastically restrained against translation and resting on Winkler-type elastic foundation. For estimating the influence of edge restraint against translation and stiffness of the elastic foundation on the natural frequencies of circular plates, parametric investigations are carried out varying the values of elastic edge restraint stiffness against translation and the stiffness of the elastic foundation. The results obtained on natural frequencies of vibration clearly show that the vibration characteristics of the circular plate undergoing free transverse vibrations are found to have been profoundly influenced by these variations. Computations are carried out for natural frequencies of vibrations for varying values of translational stiffness ratio and stiffness parameter of Winkler-type foundation. Results presented for twelve modes of vibration both in tabular and graphical form are believed to be quite useful for designers in this area.
Mathematical formulation of the System
The considered elastic thin circular plate is supported on a Winkler foundation as shown in Fig. 1 . In the classical plate theory (Leissa 1969) , the following fourth order differential equation describes free flexural vibrations of a thin circular uniform plate. 
Displacement in equation (2) can be presented as a combination of spatial and time dependent components as follows;
Now substitute the Eq. (3) in Eq. (2)
The solution of the equation takes the following form where Amn and Cmn are constants, n J is Bessel function of the first kind of first order and n I is modified Bessel function of the first kind of first order. Considering an elastically supported plate as shown in Fig. 1 , boundary conditions can be formulated at a r = , in terms of translational stiffness ( T K ) as follows:
where the Kelvin-Kirchhoff and bending moment are defined as follows
By applying Eqs. (6) and (8), we obtain the following equation (7) and (9), we get the following (5) and (12) (13) 
Solution
Using Matlab programming, computer software with symbolic capabilities, solves the above set of equations. The program determines eigenvalues ( 
Results and Discussion
The code developed is used to determine eigenvalues of any set or range of translational and foundation constraints. This code also implanted for various plate materials by adjusting Poisson ratio. Such a wide range of results is not available in the literature yet. The eigenvalues for the plate edge, which is elastically restrained against translation and fully resting on the elastic foundation, at various values of the translational stiffness ratios, are computed and the results are given in Table 1 . The effects of the translational stiffness ratios are plotted in Fig. 3 . As seen from Fig. 3 , eigenvalues increases with an increment in the translational stiffness ratio, and the plates become unstable in the region when the translational stiffness ratio exceeds a certain value. Twelve vibration modes are presented in Fig. 3 . The smoothened stepped variation is observed in Fig. 3 . The stepped region increases with increase in translational stiffness ratio and vibration modes. The simply supported boundary conditions (Fig. 2) Table  2 . The effects of the foundation stiffness ratio on eigenvalues are plotted in Fig. 4 . As seen from Fig. 4 , the eigenvalue increases with increase in the foundation stiffness ratio, and the plate becomes stiffer and stronger as the value of foundation stiffness becomes greater than 10 2 . As seen from the Tables 1 and 2, the influence of foundation stiffness ratio on eigenvalue is relatively greater than the translation stiffness ratio in increasing the overall natural frequencies of the plate support system. As seen from Fig. 4 , for all the modes considered here, up to a value of 10 the eigenvalues stay constant and beyond this value all the curves tend to converge to a constant eigenvalue as the foundation stiffness ratio increases up to 10 3 . The convergence starts from 1.07897 [2.0325779] and continues up to a constant value of 9.63274 [13.84796] . 
Eigenvalue, λmn
Transverse stiffness ratio, Log10(T) λ00 λ10 λ20 λ01 λ11 λ21 λ02 λ12 λ22 λ03 λ13 λ23 Table 1 . Eigenvalues for different Translational stiffness ratio for x =100 and n =0.33. The eigenvalues at various values of the translational stiffness ratios and foundation stiffness ratios are computed and the results are given in Table 3 . The effects of the translation and foundation stiffness ratios on eigenvalues are clearly observed in Fig. 5 , eigenvalues increases with an increment in both the translational and foundation stiffness ratios. As observed from the Table 1 and 3, the influence of foundation stiffness ratio on eigenvalue is more predominant than that of translation stiffness ratio alone. As observed from Table 1, 2  and 3, in Table 3 , lower eigenvalues are recorded for lower values of foundation and translation stiffness ratios together. As seen from Fig. 5 , all the curves are stable up to certain region and beyond this all the curves tend to converge as the value of translation and foundation stiffness ratios increases.
The eigenvalues for different plate materials and various values of translational, foundation stiffness ratios are computed, and the results are given in Table 4 . It was observed that for highx , eigenvalues are independent of Poisson ratio, as shown in Fig. 6 . In addition, it was observed that for any value of T, eigenvalues are independent on Poisson ratio.
Conclusion
This paper deals with a method of computation of eigenvalues of axi-symmetric flexural vibrations of a circular plate with translational edge supports and resting on Winkler foundation using a specifically written MATLAB code. In this paper, the computed numerical results are presented in a tabular format to enable an estimating the accuracy of Figure 6 . Effect of Poisson ratio, n on eigenvalues, λmn.
approximate methods being used by other researchers for solving such problems. Twodimensional plots of eigenvalues are drawn for a wide range of translational and foundation stiffness ratios facilitating their use in design. It has been observed that the eigenvalues remain constant without change only in a limited range of constraints (0 to 10) specific to each vibration mode and then steeply increase with increasing values of foundation ultimately converging to a constant value. It is also observed that the influence of foundation stiffness ratio on eigenvalues is more predominant than that of translational stiffness ratio. The effects of various parameters such as translational stiffness, foundation stiffness and Poisson ratio parameters on natural frequencies of the plate with elastic edge and resting on elastic foundation are studied in detail. 
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